
I-C : Bases and Dimension

Part 1



1. K = Q, R, or C
2. V : vector space over K

1. Linear Combination. A vector v ∈ V is called a linear
combination of vectors of a finite number of vectors u1,
u2 . . . un in V with i 6= j if there exist scalars a1, a2 . . . an in
K such that

v = a1u1 + a2u2 + · · · anun.

2. Span. If S is any subset of V , then Span(S) is the
intersection of all the subspaces of V which contain S.
That is,

Span(S) :=
⋂

S⊆W
W≤V

W

3. Generate. A subset S of V generates V if Span(S) = V .
In this case, we also say that the vectors of S generate (or
span) V .



Examples

1. The sets {(1,0), (0,1)}, {(1,1), (0,1)} and
{(1,0), (1,1), (0,1)} generate K 2, but {(1,1) does not
generate K 2.

2. The polynomials x2, x + 1, x2 + x , generate the space
P2(K ).

Question. Does the set

S =

{(
1 0
0 0

)
,

(
1 0
0 1

)
,

(
0 0
0 1

)}

span the vector space V =

{(
a 0
0 b

)
: a,b ∈ K

}
?



1. V : vector space over K
2. S ⊆ V

1. Linearly Independent. The set S is linearly independent
if no two distinct finite linear combinations of elements of S
can be equal vectors.

2. Linearly Dependent. If the set S is not linearly
independent, then it is said to be linearly dependent. Or
equivalently, S is linear depentent if there exist a finite
number of distinct vectors u1, u2, . . ., un, and scalars a1,
a2, . . ., an, not all zero, such that

a1u1 + a2u2 + · · ·+ anun = 0.



Propositions.
1. The empty set is linearly independent.
2. If 0 ∈ S, then S is linearly dependent.
3. If S = {u} and u 6= 0, then S is linearly independent.
4. The vectors u1, u2, . . ., un are linear independent if and

only if the equation

a1u1 + a2u2 + · · ·+ anun = 0

has only the solution a1 = a2 = · · · = an = 0.
5. If S is linearly dependent and S ⊆ T ⊆ V , then T is linearly

dependent.
6. If S is linearly independent and T ⊆ S ⊆ V , then T is

linearly independent.

Theorem. If the subset S ⊆ V is linearly independent, and let
v ∈ V \ S. Then S ∪ {v} is linearly dependent if and only if
v ∈ Span(S).



Finite- and Infinite-Dimensional Vector Space. We say that
V is a finite-dimensional vector space if it is spanned by some
finite subset. Otherwise V is infinite-dimensional.

Examples. Determine whether the following vector space is a
finite- or infinite-dimensional vector space.

1. The K -vector space K n.
2. The K -vector space Pn(K ).
3. The R-vector space C.
4. The Q-vector space C.
5. The R-vector space F(R,R).


