I-C : Bases and Dimension

Part 1



. K=Q,R,orC
. V: vector space over K

. Linear Combination. A vector v € V is called a linear
combination of vectors of a finite number of vectors vy,
Us...Uupin V with i # jif there exist scalars a4, as ... apin
K such that

. Span. If Sis any subset of V, then Span(S) is the
intersection of all the subspaces of V which contain S.
That is,

Span(S) = (| W

scw
w<v

. Generate. A subset S of V generates V if Span(S) = V.
In this case, we also say that the vectors of S generate (or
span) V.



Examples

1. The sets {(1,0), (0,1)}, {(1,1), (0,1)} and
{(1,0), (1,1),(0,1)} generate K2, but {(1, 1) does not
generate K2.

2. The polynomials X2, x +1, x2 + x, generate the space
P>(K).

Question. Does the set

{6269 9)

span the vector space V = {(g g) cabe K}?



1. V: vector space over K
2.SCV

1. Linearly Independent. The set S is linearly independent
if no two distinct finite linear combinations of elements of S
can be equal vectors.

2. Linearly Dependent. If the set S is not linearly
independent, then it is said to be linearly dependent. Or
equivalently, S is linear depentent if there exist a finite
number of distinct vectors uy, us, ..., up, and scalars ay,
a, ..., an, not all zero, such that

ajuy + agup + - - - + apup = 0.



Propositions.

1.

The empty set is linearly independent.

2. If 0 € S, then Sis linearly dependent.
3.
4. The vectors uy, Uo, ..., Uy are linear independent if and

If S = {u} and u # 0, then S is linearly independent.

only if the equation
aiuy + asls +---+apup =0

has only the solution a; = a, =--- = a, = 0.

If Sis linearly dependentand S C T C V, then T is linearly
dependent.

If Sis linearly independentand T C S C V,then T is
linearly independent.

Theorem. If the subset S C V is linearly independent, and let
v e V\ S. Then Su {v} is linearly dependent if and only if
v € Span(S).



Finite- and Infinite-Dimensional Vector Space. We say that
V is a finite-dimensional vector space if it is spanned by some
finite subset. Otherwise V is infinite-dimensional.

Examples. Determine whether the following vector space is a
finite- or infinite-dimensional vector space.
1. The K-vector space K".
2. The K-vector space Pn(K).
The R-vector space C.
The Q-vector space C.
The R-vector space F(R,R).
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