Invariant Subspace

» F=Q,R,orC
» V: finite-dimensional vector space over F
T-invariant subspace. Let T € £(V). A subspace W of V' is

said to be T-invariant if T(W) C W. If W is T-invariant, then
the restriction of T to Wisalinearmap T |y: W — W.

Examples. The following subspaces of V are T-invariant: {0},
V, R(T), N(T), eigenspaces of T.



T-cyclic subspace. Let T € £(V). The subspace

W := Span({v, T(v), T3(v),..., T"(v),...}).

is called the T-cyclic subspace of V generated by v.

Example.

1.
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Let A= (1 0

1

o)
Let T: F2 — F2givenby T((x,y)) = (x+y,x —y).
Find T-cyclic subspace generated by (1,0).

Let T: P>(R) — Po(R) given by

). Find A-cyclic subspace generated by

T(f) = f',the derivative of f.

Find T-cyclic subspace generated by x2.



Theorem. Let T € £(V) and W denote the T-cyclic subspace
of V generated by a nonzero vector v € V. Then
1. Wis a T-invariant subspace.
2. {v, T(v), T?(v),..., T"==1(v)} is a basis for W if
dim W = k.
8. Ifagv+ay T(v)+---ak_1 TF1(v) + TX(v) = 0, then the
characteristic polynomial of T |y is

f(x) = (=1 (ap + a1 x + - - - ax_1 X1 + x¥).



Cayley-Hamilton Theorem. Let V be a finite-dimensional
vector space and T € L(V). Then

Charr(T) = To,
the zero linear transformation. That is, T satisfies its
characteristic equation.

Examples. Verify by direct computation that the following
linear maps satisfy their characteristic equations.

1. T: F2 — F?givenby T((x,y)) = (X +y,x —y)

2. T: Py(R) — P>(R) given by

T(f) = f',the derivative of f.



Applications

_ (0 -1 ; 50
1.LetA_<1 0).FmdA.

2. Let T: F2 — F2givenby T((x,y)) = (x+y,x —y).
Find 7190,



