[I-C, D : Determinants and Inverses



Determinants of order 2. Let A = (2 b € My(K) . The
c d

determinant of A is defined to be

detA = ad — bc.

Theorem. Let A € My(K). Then the matrix A is invertible if and
only if det A = 0. Moreover, if A is invertible, then
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A= det A (c a > , detA detA’

and
det!A = det A.



Determinants of order n. Let A€ M,(K) . For n > 2, we
denote the A; the (n — 1) x (n — 1) matrix obtained from A by
deleting row / and column j by a.

1. Ifn=1,s0 A= (ay), we define det A = ay1.
2. For n > 2, we define det A recursively as

n .

detA="> (-1)"a; - det(Ay)).
j=1
3. Laplace expansion. Expansion along the ith row:
n . .
detA=> (~1)"a;-detA;.
j=1

Expansion down the jth column:

n
detA=> (~1)"a;-detA;.
i=1



Proposition. Let A € M,(K).

1.

2.

3.

4,
5,

Let / be the n x nidentity matrix, then det(/) = 1.

n
If Ais a triangle matrix, then detA = [ ] ai.
i=1
If the columns (or rows) of A are linearly dependent, then
detA=0.

For r € K, det(rA) = r" det A.
det(A) = det('A).

Proposition. Let A, B € M,(K) and m be an integer. Then

1.
2.
3.

det(AB) = det(A) det(B).
det(A™) = (det A)™.
If Ais similar to B, then det A = det B.



Theorem. Let A € My (K).
1. The matrix A is invertible if and only if det A # 0.

2. lfdetA #0,then A~' = d;ﬁadj(A), where adj(A) is the
adjoint of A, that is, adj(A) = !(bj) with bj = (—1)"" det A;;.

Remark. Let A € M,(K) be invertible. Then the n x 2n
augmented matrix (A | I,) can be transformed into a matrix of
the form (/, | B) by means of a finite number of elementary row
operations. The matrix Bis A~".



Homework

Section II-C: 1,2, 3
Section II-D: 1, 3



