
I F = Q, R, or C
I V : finite-dimensional vector space over F

Diagonalization Problem. Since computations involving
diagonal matrices are simple, for a given linear map T ∈ L(V ),
we seek answers to the following questions.

1. Does there exist an ordered basis β for V such that [T ]β is
a diagonal matrix?

2. If such a basis exists, how to find it?
Concepts. Eigenvalue and Eigenvector



Recall. Let dim V = n and T ∈ L(V ). If T has n distinct
eigenvalues, then T is diagonalizable.

Question. In general, what is a necessary and sufficient
condition for diagonlizability?



Proposition. Let dim V = n and T ∈ L(V ).
1. CharT (t) is a polynomial of degree n with leading

coefficeint (−1)n.
2. T has at most n distinct eigenvalues.

Definition. A polynomial f (x) ∈ P(F ) splits over F if there are
scalars c, a1, . . ., am ∈ F such that

f (x) = c(x − a1)(x − a2) · · · (x − am).



Algebraic Multiplicity. Let T ∈ L(V ), and λ ∈ F be an
eigenvalue of T . The (algebraic) multiplicity of λ is the largest
positive integer m for which (x − λ)m is a factor of CharT (x).

Examples. Find the algebraic multiplicity of each eigenvalue of
the linear map T .

1. T : F 2 −→ F 2 given by T ((x , y)) = (x + y , x − y)
2. T : P2(R) −→ P2(R) given by

T (f ) = f ′, the derivative of f .

3. T : M2(F ) −→ M2(F ) by T (A) = At .



Theorem. Let T ∈ L(V ), and λ be an eigenvalue of T having
multiplicity m. Then

1 ≤ dim(Eλ) ≤ m.

Theorem. Let T ∈ L(V ) such that CharT (x) splits over F . Let
λ1, λ2, . . ., λ` ∈ F be distinct eigenvalues of T . Then

T is diagonalizable

if and only if

the multiplicity of λi is equal to dim(Eλi ) for all i .



The characteristic polynomial of the linear map T : F 2 −→ F 2

T ((x , y)) = (x + y , x − y) is

CharT (x) = x2 − 2 = (x +
√

2)(x −
√

2)

When F = R or C, the linear map has eigenvalues
√

2, and
−
√

2.

eigenvalues
√

2 −
√

2
algebraic multiplicity 1 1
geometric multiplicity 1 1

Eλ Span((1 +
√

2,1)) Span((−1,1 +
√

2))

Let β = {(1 +
√

2,1), (−1,1 +
√

2)}. Then we have

[T ]β =

(√
2 0

0 −
√

2

)
.



1. The characteristic polynomial of the linear map

T : P2(R) −→ P2(R) φ(f ) = f ′,

is
CharT (x) = −x3.

λ 0
algebraic multiplicity 3

Eλ Span(1)
dim Eλ 1

The linear map T is not diagonalizable.

2. The matrix A =

2 0 0
0 −2 1
0 0 −2

 is not diagonalizable.

λ 2 −2
algebraic multiplicity 1 2

dim Eλ 1 1



Test for Diagonalization. Let T ∈ L(V ). Then T is
diagonalizable if and only if the following conditions hold.

1. The characteristic polynomial of T splits over F .
2. For each eigenvalue λ of T , the multiplicity of λ equals

dim Eλ.



Example. Test for diagonalizatoin of the linear map

T : M2(F ) −→ M2(F ), T (A) = At

Exercises. Test for diagonalizatoin of the linear maps

T : F 3 −→ F 3, T ((x , y , z)) = (y ,−x ,0) ,

T : P2(F ) −→ P2(F ), T (ax2 + bx + c) = cx2 + bx + a.


