lI-E, |-D: Diagonalization and Direct Sums



1. K=Q,R,orC
2. V: finite-dimensional vector space over K

Recall. Let ¢ € End(V), and X € K be an eigenvalue of ¢. The
(algebraic) multiplicity of A is the largest positive integer m for
which (x — X\)™ is a factor of Charg(x).

Proposition. The algebraic multiplicity of an eigenvalue X of ¢
is the maximum dimension of the subspaces

{0} < keryy <keryf <...,

where 1), is the endomorphism ) := ¢ — Al



Examples. Find the algebraic multiplicity of each eigenvalue of
the matrix A.

2 0 O
1. A=|0 -2 0)
0O 0 -2
2 0 O
2. A=[(0 -2 1)
0O 0 -2




Diagonalizable. Let ¢ € End(V). Then ¢ is said to be
diagonalizable if there is an ordered basis 5 for V such that
Mg(¢) is diagonal.

Theorem. Let ¢ € End(V) such that Char,(x) splits over K.
Let A1, Ao, ..., Am € K be distinct eigenvalues of ¢. Then

¢ is diagonalizable if and only if the multiplicity of ); is equal to
dim(E,,) for all i.



Examples. Test for diagonalizatoin of the linear map ¢.
1. ¢: K2 — K2 given by ¢((x,y)) = (X +y,x — )
2. ¢: K2 — K2 given by ¢((x,¥)) = (¥, —x)

3. ¢: P2(R) — P»(R) given by

o(f) = f',the derivative of f.



Direct Sum. A vector space V is called the (internal) direct
sum of U and W if U and W are subspaces of V such that

U+W=V and Un W = {0}.

We denote that V is the direct sum of U and W by writing
V=Uo W.

Example.
1. Let V = K® and consider the subspaces
U={(x,0,0) € K®: x € K},
W ={(0,y,2) e K®: y, zc K}.
ThenV=Ug W.
2. Let V = M,(K) and define
U={A=(aj) € V: a; = 0whenever > j},
W ={A = (aj) € V: a; = 0 whenever j < j}.

ThenV=Ua® W.



Theorem. Let U and W be subspaces of the finite dimensional
vector space V. The following conditions are equivalent.
1. V=Uas W
2. Each vector v € V can be uniquely writtenas v = u + w,
whereue Uand w e W.
3. If By and By are ordered bases for U and W, respectively,
then 8 := By U By is an ordered basis for V.
4. There exist ordered bases 3, and 3y for U and W,

respectively, such that § := Sy U Sy is an ordered basis for
V.



Direct Sum. A vector space V is called the (internal) direct
sum of the subspaces Wj, W, ..., Wy, of V and write
V=W, oWod...0 Wp,if

m
V=>"W, and Win) W,={0},1<i<m
i=1 JAEI

Theorem. Let Wy, Ws, ..., Wy, be subspaces of the finite
dimensional vector space V. The following conditions are
equivalent.
2. Each vector v € V can be uniquely written as v = >, w;,
where w; € W,.
3. If 3; is an ordered basis for W, 1 <i < m, then 8 := U3
is an ordered basis for V.
4. Foreachi=1,2,..., m there exists an ordered basis j;
for W;, such that g := U", 3 is an ordered basis for V.



Theorem. Let V be a finite dimensional vector space and
¢ € End(V). Then ¢ is diagonalizable if and only if V is the
direct sum of the eigenspaces of ¢.



External Direct Sum. If U and W are vector spaces over K,
the cartesian product

UxW={(uw): uel,we W}
is a vector space over K under the operations

(U1, W) + (U2, W2) = (U1 + Uz, Wy + Wa),
r(ur, wy) = (ruy, r),

forany (uy, wq), (Uo,wo) € Ux Wandr € K.

The vector space U x W over K defined above is called the
(external) direct sum of U and W. We denote itby U & W or
Ude W.



Homework

Section I-D: 1,2, 4,6, 7



