
I, II - E : Eigenvectors and Eigenvalues



1. K = Q, R, or C
2. V : finite-dimensional vector space over K

Diagonalization Problem. Since computations involving
diagonal matrices are simple, for a given linear map
φ ∈ End(V ), we seek answers to the following questions.

1. Does there exist an ordered basis β for V such that Mβ(φ)
is a diagonal matrix?

2. If such a basis exists, how to find it?
Concepts. Eigenvalue and Eigenvector



φ-Stable. Let V be a vector space and φ ∈ End(V ). A
subspace W of V is said to be φ-stable (φ-invariant) if
φ(W ) ⊆W . If W is φ-stable, then the restriction of φ to W is a
linear map φ |W : W −→W .

Examples. The following subspaces of V are φ-stable: {0}, V ,
imφ, kerφ.



Eigenvector. Let V be a vector space and φ ∈ End(V ). A
nonzero vector v ∈ V is called an eigenvector for φ if Span(v)
is φ-stable.

Eigenvalue. Let V be a vector space and φ ∈ End(V ). A
nonzero vector v ∈ V is called an eigenvector of φ if there
exists a scalar λ ∈ K so that φ(v) = λv . The scalar λ ∈ K is
called the eigenvalue corresponding to the eigenvector v .

Theorem. Let φ ∈ End(V ), and let λ ∈ K an eigenvalue of φ. A
vector v ∈ V is an eigenvector of φ corresponding to λ if and
only if v 6= 0 and v ∈ Ker(φ− λI).



Recall. Let A ∈ Mn×n(R).
1. A scalar λ ∈ R is an eigenvalue of A if and only if

det(A− λIn) = 0.
2. A scalar λ ∈ R is an eigenvalue of A if and only if λ is a

root of CharA(x) := det(A− xIn), the characteristic
polynomial of A.

Theorem. Let V be an n-dimensional vector space over K and
φ ∈ End(V ). Let A ∈ Mn(K ) be a matrix representation of φ. Let
λ ∈ K . The followings are equivalent.

1. λ is an eigenvalue of φ.
2. λ is an eigenvalue of A.
3. det(A− λIn) = 0.
4. λ is a root of CharA(x) := det(A− xIn), the characteristic

polynomial of A.



Examples. Find the eigenvalues and eigenvectors of the linear
map φ.

1. φ : K 2 −→ K 2 given by φ((x , y)) = (x + y , x − y)
2. φ : P2(R) −→ P2(R) given by

φ(f ) = f ′, the derivative of f .



Proposition. If v is an eigenvector for φ and λ an eigenvalue for
φ corresponding to v . Let r be any nonzero element of K . Then
rv is also an eigenvector for φ with the same eigenvalue λ.

Eigenspace and Geometric Multiplicity. Let φ ∈ End(V ),
and λ be an eigenvalue of φ.
The subspace Eλ of V ,

Eλ := {v ∈ V : φ(v) = λv},

is called the eigenspace of φ corresponding to the eigenvalue
λ.

geometric multiplicity of λ := dim Eλ.

(In the textbook, the eigenspace Eλ is denoted by V (λ).)



Examples. Find the geometric multiplicity of each eigenvalue
of the linear map φ.

1. φ : K 2 −→ K 2 given by φ((x , y)) = (x + y , x − y)
2. φ : P2(R) −→ P2(R) given by

φ(f ) = f ′, the derivative of f .



Propositions.
1. Let φ, ψ ∈ End(V ). If v is an eigenvector for φ with

eigenvalue λ, then ψ(v) is an eigenvector for ψφψ−1 with
eigenvalue λ.

2. If λ, µ ∈ K and λ 6= µ, then

Eλ ∩ Eµ = {0}.

3. Let λ1, λ2, . . ., λm ∈ K be distinct eigenvalues of φ. If v1,
v2, . . ., vm are eigenvectors of φ such that λi corresponds
to vi , 1 ≤ i ≤ m, then {v1, v2, . . . , vm} is linearly
independent.



Characteristic Polynomial.
1. Let A ∈ Mn(K ). The polynomial CharA(x) = det(A− xIn) is

called the characteristic polynomial of A.
2. Let V be a n-dimensional vector space with ordered basis

β. Let φ ∈ End(V ) and A := Mβ(φ) be the matrix
representation of φ with respect to β. We define the
characteristic polynomial of φ to be

Charφ(x) := CharA(x) = det(A− xIn)

We often denote the characteristic polynomial of φ by
Charφ(x) = det(φ− xI).



Algebraic Multiplicity. Let φ ∈ End(V ), and λ be an
eigenvalue of φ. The (algebraic) multiplicity of λ is the largest
positive integer m for which (x − λ)m is a factor of Charφ(x).

Theorem. Let φ ∈ End(V ), and λ be an eigenvalue of φ having
multiplicity m. Then

1 ≤ dim(Eλ) ≤ m.



Examples. Find the algebraic multiplicity of each eigenvalue of
the linear map φ.

1. φ : K 2 −→ K 2 given by φ((x , y)) = (x + y , x − y)
2. φ : P2(R) −→ P2(R) given by

φ(f ) = f ′, the derivative of f .



Homework

Section I-E: 1, 3, 5, 6, 7
Section II-E: 1, 2, 3, 4


