FINITE DIMENSIONAL VECTOR SPACES-MATH 4135

Notations.

e K denotes the field R, or C.
e |/ denotes a vector space over K.

1. TEST 1
(1) Determine whether or not the map ¢ : K? — K? given by

o((z,9) = (@ +y,x —y)
is an isomorphism. If it is, find a formula for ¢! ((u,v)) .
(2) (a) Let ¢ : K — K be a linear map and ¢(1) = 41.53. Find the
values ¢(0.1) and ¢(100).
(b) Describe all the linear maps from K to K. That is, find all the
elements of the set End(K).
(3) Consider the set of all endomorphisms of V', End(V'). Let ¢, ¢ €
End(V), and r € K. Define ¢ + 1 by

(@ +9)(v) = o(v) +9(v), YveV;
define r¢ by

(ro)(v) = (ro)(v), VwvelV.
(a) Name the zero vector of End(V')
(b) Show that for all ¢, ¢» € End(V'), we have ¢ + ¢ = ¢ + ¢.
(c) Show that for all ¢, v» € End(V'), and r € K, we have r(¢ +
V) =ro+ ri.

2. TEST 2

(1) Let Py(K) = {az* + bx + ¢ : a,b,c € K}. Consider the following
linear maps ¢ : Py(K) — Py(K).
(a) Find the eigenvalues of the linear map ¢(f) = f’ the derivative
of f, and the corresponding eigenspaces of ¢.
(b) Determine whether the linear map

plax® +bx +¢) = ca®> + br +a

is diagonalizable. If it is, find a basis 8 such that the matrix
representation Mg(¢) is diagonal, and write the element 2% as
a linear combination of eigenvectors of ¢.
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(2) Suppose that A is an eigenvalue for the linear map ¢ € End(V).
(a) For any positive integer m, prove that A" is an eigenvalue of
.
(b) If ¢ is an isomorphism, show that A\ must not be 0 and A\~! is
an eigenvalue for ¢ 1.
(3) Let ¢ € End(V). Let Aq, Ao, ..., Ay € K be distinct eigenvalues of

0.

(a) Show that if vy, vy, ..., v, are eigenvectors of ¢ such that
A; 1s an eigenvalue corresponding to v;, 1 < ¢ < /, then
{v1,vq,...,v} is a linearly independent set.

(b) Letw; € E),, where £}, is the eigenspace corresponding to \;,
fori=1,2,..., ¢, Show that if

w1+w2+...+wg:0,

then w; = 0 for all 4.
(4) Can you find a linear map ¢ : K3 — K? such that ker ¢ = im ¢?
If yes, give an example; if not, explain. Generalize the result as well
as you can.

3. TEST 3

(1) Let V = M, (C). Define (A, B) = tr(*BA).
(a) Show that the function (, ) is an inner product.
(b) Let ¢ : V. — V be the linear map ¢(A) = *A. Determine
whether the map ¢ is unitary with respect to the inner product
(, ) defined above. Explain.
(2) Let A = (1_2H L L) em(o).
(a) Show that A is normal.

(b) Note that the eigenvalues of A are 0 and 3. Let E/ := Span ( (1 I Z) )

denote the eigenspace of A corresponding to the eigenvalue 3.
Find E*, and a basis for E+.
(c) Find a unit vector v that spans F.
(3) Let A € M,,(C) and *A = A (A is self-adjoint).
(a) Show that the eigenvalues of A are real numbers.
(b) If A\; and )\, are distinct eigenvalues of A with corresponding
eigenvectors ¢, and ¥, then ¢; and v are orthogonal.
(4) Let (V,(,)) be a finite-dimensional complex inner product space,
and suppose that ¢ € End(V/) is unitary.
(a) Show that ¢ is an isomorphism.
(b) Show that ¢ maps an orthonormal basis to an orthonormal ba-
sis.
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(c) If W is ¢-stable, show that W= is also ¢-stable.

(5) Let V = P,(R) and define

I-C:
I-D:
I-E:
II-A:
III-A:
II1-C:
IV-B:

IV-C

IV-D:

IV-E

(F(x), g(x)) = / T

Then (V (,)) is a real inner product space. Determine whether the
linear map
plaz® +bx +c) = ca® + br +a

is orthogonal with respect to the inner product (, ).

4. EXERCISES ON THE TEXT

1,2,3

: 5 (Assume V is finite-dim’l. It is not always true if W is not finite
dim’l ), 6,7
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:4,5,6,7,8,9



