
I-B: Linear Maps



1. K = Q, R, or C
2. V , W : vector spaces over K

Linear Transformation (Linear Map). A function φ : V −→W
is linear map if, for any x , y ∈ V and a, b ∈ K , we have

φ(ax + by) = aφ(x) + bφ(y).

Equivalently, for any x , y ∈ V and a ∈ K , we have
1. φ(x + y) = φ(x) + φ(y)
2. φ(ax) = aφ(x)



Examples.
1. Any m-by-n matrix gives a linear map from K n to K m.
2. The function φ : P2(R) −→ M2×2(R) given by

φ(f (x)) =
(

f (1)− f (−1) 0
0 f (0)

)
is a linear map.



Example

Let C∞(R) be the set

C∞(R) := { functions from R to R have derivatives of all orders} .

1. C∞(R) is a vector space over R.
2. Define D : C∞(R) −→ C∞(R) by

D(f ) = f ′, that is,D(f )(x) = f ′(x),

where f ′(x) denotes the derivative of f (x). Then D is linear.
3. Define θ : C∞(R) −→ C∞(R) by

θ(f )(x) =
∫ x

0
f (t)dt .

Then θ is linear.



Questions.
1. For a linear map φ : V −→W , what is the value φ(OV )?
2. Describe all the linear maps from R to R.



1. K = Q, R, or C
2. V , W : vector spaces over K
3. φ : V −→W is a linear map

1. The image of φ

im(φ) = φ(V ) := {φ(x) : x ∈ V}

is a subspace of W .
2. The kernel of φ

ker(φ) = {x ∈ V : φ(x) = OW}

is a subspace of V .



1. The linear map φ is surjective if φ(V ) = W .
2. The linear map φ is injective if ker(φ) = OV . Equivalently, φ

is one-to-one.
3. The linear map φ is an isomorphism if φ is both surjective

and injective.
4. We say that V is isomorphic to W if there exists a linear

map φ : V −→W that is an isomorphism. In this case, we
write V ∼= W .

Proposition. If φ : V −→W is an isomorphism, then φ−1 is
also a linear map and an isomorphism.



Question. Decide whether or not the following linear map φ is
an isomorphim. If it is, describe the function φ−1 .

1. The linear map φ : P2(R) −→ M2×2(R) given by

φ(f (x)) =
(

f (1)− f (−1) 0
0 f (0)

)
.

2. The linear map φ : C∞(R) −→ C∞(R) by φ(f ) = f ′.
3. The linear map φ : K 2 −→ K 2 by

φ((x , y)) = (x + y , x − y) .



Case V = W

Endmorphism. A linear map φ : V −→ V is called an
endomorphism or operator of V .

1. End(V ) := {linear maps from V to V}
1.1 End(V ) is a vector space over K .
1.2 The multiplication on End(V ): For φ, ψ ∈ End(V ), the

"product" of φψ is defined by the composition of φ and ψ, ie,
φψ(x) = φ(ψ(x)).

1.3 The identity element under the multiplication is the identity
map

1 : V −→ V , 1(x) = x .

2. GL(V ) := {isomorphisms from V to V} is closed under the
multiplication.



Homework
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