1. F=Q,R,orC
2. V, W: vector spaces over F

Linear Transformation (Linear Map). A function
T:V— Wislinearmapif,forany x, y € Vand c € F, we
have

1. T(x+y)=TKx)+ T(y)
2. T(cx) =cT(x)

Equivalently, forany x, y € V and a, b € F, we have

T(ax + by) = aT(x) + bT(y).



Examples.
1. Any m-by-n matrix gives a linear map from F" to F.

2. The reflection T : R? — R? T(x,y) = (¥, x) is a linear
transformation.

3. The function T : Po(F) — May2(F) given by

f(1)—f(-1) 0

is a linear transformation.
4. Define D : P3(R) — P»(R) by

D(f) = f, thatis, D(f)(x) = f'(x),

where f'(x) denotes the derivative of f(x). Then D is linear.



Example

Let C(R) be the set
C(R) := { continuous functions fromRto R }.
Define 6 : C(R) — C(R) by
’
mn:/fmm
0

Then 4 is linear.



. F=Q,R,orC
.V, W: vector spaces over F
. T:V— Wisalinear map

. The range (image) of T

is a subspace of W.
. The kernel of T

N(T)={xe V: T(x) = Op}

is a subspace of V. We call N(T) the null space of T.



Example. Find bases for both the range and the kernel of the
following linear maps.

1. The linear map D : P3(R) — P»(R) by
D(f)=f', thatis, D(f)(x) = f'(x),

where f'(x) denotes the derivative of f(x).
2. Thelinearmap T : Py(F) — Mayo(F) given by

i) = (0O 8.

3. Thelinearmap T : F2 — F? by

T((X,y)):(X—l-y,X—y).



1. V, W: vector spaces over F
2. T:V — Wisalinear map

Theorem.
1. 1f 8 ={vy,vo,..., v} is a basis for V, then

R(T) =span(T(8)) =span({T(vy), T(v2),..., T(va)}).

2. (Dimension Theorem/Rank Theorem) If V is
finite-dimensional, then

dimN(T) + dmR(T) = dim V.



1. V, W: vector spaces over F
2. T:V — Wisalinear map

Definition. If N(T) and R(T) are finite-dimensional, then we
define

» nullity(T) :=dimN(T),

» rank(T) :=dimR(T).
Dimension Theorem/Rank Theorem. If V is
finite-dimensional, then

nullity(T) + rank(T) = dim V.



Proposition. The linear map T is one-to-one if and only if
N(T) ={O}.

Corollary. If V and W are vector spaces of equal finite
dimension, then the following are equivalent.

1. T is one-to-one

2. nullity(T) =0
3. Tisonto
4. rank(T) =dim V



Definition.
1. Wesayalinearmap T : V — W thatis an isomorphism
if T is invertible. That is, the linear map T is a bijection.
2. We say that V is isomorphic to W if there exists a linear

map T : V — W that is an isomorphism. In this case, we
write V = W.

Proposition. If T: V — W is an isomorphism, then T~ is
also a linear map and an isomorphism.



Question. Decide whether or not the following linear map T is
an isomorphim. If it is, describe the function T~ .

1. Thelinearmap T : P>(R) — Ma,2(R) given by
i) = (0N 8.

2. The linearmap T : K2 — K2 by

T((X,y)):(X+y,X—y).



Theorem. Let V and W be finite-dimensional vector space.
Then
V = W ifand only ifdim V = dim W.

Corollary. Let V be a vector space over F. Then
V = F" ifand only ifdim V = n.



