[I-A : Matrices



1. K=Q,R,orC
2. V, W: finite-dimensional vector spaces over K

Representation/Coordinate. Let 3 = {vy, vo,..., vy} be an
ordered basis for V . For each element v € V, the
representation (coordinate) of v with respect to the basis 5 is a

vector written as
Co
Ms(v) =1 :
Cn—1
Cn

suchthat v =civy + covo + - - - + CpVp.



Matrix Representation. Let 5 = {vy, Vs, ..., v} be an ordered
basis for V and v = {wy, ws, ... wy} be an ordered basis for W.
Let¢p: V — W be alinear map. Then foreachj, 1 <j <n,
there exist unique scalars a; € K, 1 </ < m, such that

o(v)) = a1jwy + agjWo + - - - + @miwm, for1 <j<n.

The m x n matrix M, 3, (¢) defined by

ayy a2 - Ain

dp1 dop -+ d2p
Ms(¢) = (aj) =

am Aamz2 - amn

is the matrix representation of ¢ in the ordered bases 5 and ~ .

Caution: The matrix representation used here is the one
described in Exercise (2).



Examples. Find a matrix representation of the following linear
map ¢.

1. ¢: K2 — K2 givenby ¢((x,y)) = (x+y,x —y).

2. ¢ Po(R) — My(R) defined by

B(f(x)) = (f e f(%)> |



Propositions. Let 3 = {vy, Vo, ..., vy} be an ordered basis for
Vand v = {wy, ws, ... Wy} be an ordered basis for W.

1. Let¢: V — W be alinear map. Then we have
Mz~ (0) - Ma(v) = My (6(v)), VveV
2. Let 9,9 V — W be linear maps, and r € K. Then

Mg (¢ + 1) = Mp () + Ms ()

and
Mg (r¢) = rMs ().



Proposition. Let V, W, and U be finite-dimensional vector
spaces over K with ordered bases «, 3, and ~, respectively. Let
¢: V— Wandy: W— U be linear maps. Then

Moo (4 0 §) = Ms (1) - Ma,5(9)-

Question. Let ¢ : Po(K) — Mo(K) be the linear map defined

by
ottty = (00 8

and ¢ : Mo(K) — K be the linear map defined by
V(A) = tr(A).

Find a matrix representation of the linear map v o ¢.



Proposition.
1. Let V, W, and U be finite-dimensional vector spaces over
K with ordered bases «, 3, and ~, respectively. Let
¢o: V— Wandy: W — Ube linear maps. Then

Mo (0 §) = Ma o (¢) - Ma,5(0)-

2. Let V and W be finite-dimensional vector spaces over K,
and ¢ : V — W alinear map. Then ¢ is an isomorphism if
and only if the matrix representation M(¢) is invertible
(nonsingular).



Similar. Let A, B be two n x n matrices. The matrices A, B are
similar (or conjugate) if there exists an invertible n x n matrix C
such that

B=CAC".

Proposition. Let ¢ € End(V). Let A= M,(¢) and B = Mg(¢)
for two bases «, 8 for V. Then A and B are similar matrices.



Homework

Section lI-A: 2, 8

The notation {M(¢) in question (2) is the notation M, ().



