
II-A : Matrices



1. K = Q, R, or C
2. V , W : finite-dimensional vector spaces over K

Representation/Coordinate. Let β = {v1, v2, . . . , vn} be an
ordered basis for V . For each element v ∈ V , the
representation (coordinate) of v with respect to the basis β is a
vector written as

Mβ(v) =


c1
c2
...

cn−1
cn


such that v = c1v1 + c2v2 + · · ·+ cnvn.



Matrix Representation. Let β = {v1, v2, . . . , vn} be an ordered
basis for V and γ = {w1,w2, . . .wm} be an ordered basis for W .
Let φ : V −→W be a linear map. Then for each j , 1 ≤ j ≤ n,
there exist unique scalars aij ∈ K , 1 ≤ i ≤ m, such that

φ(vj) = a1jw1 + a2jw2 + · · ·+ amjwm, for 1 ≤ j ≤ n.

The m × n matrix MβV ,βW (φ) defined by

Mβ,γ(φ) = (aij) =


a11 a12 · · · a1n
a21 a22 · · · a2n

...
. . . . . .

...
am1 am2 · · · amn


is the matrix representation of φ in the ordered bases β and γ .

Caution: The matrix representation used here is the one
described in Exercise (2).



Examples. Find a matrix representation of the following linear
map φ.

1. φ : K 2 −→ K 2 given by φ((x , y)) = (x + y , x − y) .
2. φ : P2(R) −→ M2(R) defined by

φ(f (x)) =
(

f (1)− f (−1) 0
0 f (0)

)
.



Propositions. Let β = {v1, v2, . . . , vn} be an ordered basis for
V and γ = {w1,w2, . . .wm} be an ordered basis for W .

1. Let φ : V −→W be a linear map. Then we have

Mβ,γ(φ) ·Mβ(v) = Mγ (φ(v)) , ∀v ∈ V

2. Let φ, ψ : V −→W be linear maps, and r ∈ K . Then

Mβ,γ(φ+ ψ) = Mβ,γ(φ) + Mβ,γ(ψ)

and
Mβ,γ(rφ) = rMβ,γ(φ).



Proposition. Let V , W , and U be finite-dimensional vector
spaces over K with ordered bases α, β, and γ, respectively. Let
φ : V −→W and ψ : W −→ U be linear maps. Then

Mα,γ(ψ ◦ φ) = Mβ,γ(ψ) ·Mα,β(φ).

Question. Let φ : P2(K ) −→ M2(K ) be the linear map defined
by

φ(f (x)) =
(

f (1)− f (−1) 0
0 f (0)

)
and ψ : M2(K ) −→ K be the linear map defined by

ψ(A) = tr(A).

Find a matrix representation of the linear map ψ ◦ φ.



Proposition.
1. Let V , W , and U be finite-dimensional vector spaces over

K with ordered bases α, β, and γ, respectively. Let
φ : V −→W and ψ : W −→ U be linear maps. Then

Mα,γ(ψ ◦ φ) = Mβ,γ(ψ) ·Mα,β(φ).

2. Let V and W be finite-dimensional vector spaces over K ,
and φ : V −→W a linear map. Then φ is an isomorphism if
and only if the matrix representation M(φ) is invertible
(nonsingular).



Similar. Let A, B be two n × n matrices. The matrices A, B are
similar (or conjugate) if there exists an invertible n × n matrix C
such that

B = CAC−1.

Proposition. Let φ ∈ End(V ). Let A = Mα(φ) and B = Mβ(φ)
for two bases α, β for V . Then A and B are similar matrices.



Homework

Section II-A: 2, 8

The notation tM(φ) in question (2) is the notation Mα,β(φ).


