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Real Vector Spaces. A vector space V over R is a set V
together with two operations, addition and scalar multiplication,
such that

e forany u, v € V, the element u+ v also liesin V,
e forany r e R, v e V, the element r- v also lies in V.

The operations satisfy the following conditions. Let u, v and w
be arbitrary vectors in V, and r and s € R.

e U+V=V+u

o (U+V)+wWw=U+(V+Ww)

There exists an element in V denoted by 0, called the zero
vector, suchthatv4+0=vforall v ¢ V.

For each element v € V, there exists an element —v € V,
called the additive inverse of v, such that v + (—v) = 0.

e l.v=v
rlu+v)=ru+rv
(r+s)v=rv+sv
(rs)v =r(sv)



Examples. The followings are real vector spaces.
o R":={(ay,a,...,an): @ €R},neZg
e The set of the complex numbers C := {a+ bi : a,b € R}
e The set F(R,R) consisting of all functions from R to R

e The set of all polynomials of degree less or equal to n with
coefficients in R:

Pa(R) :={ap+aix+---anx": @€ R}, neZsg
e The solutions of the differential equation
fD(x)+a,_1 " (x)+- -+ a1 f(x)+af(x) =0, a R

e The set My.n(R) of all m x n matrices with entries in R



Vector Spaces over a Field K. (e.g K =R, Q, or C). A
vector space V over K is a set V together with two operations,
addition and scalar multiplication, such that

e forany u, v € V, the element u + v also liesin V,
e forany r € K, v e V, the element r- v also lies in V.

The operations satisfy the following conditions. Let u, v and w
be arbitrary vectors in V, and r and s € K.

e U+V=V+u

o (U+V)+w=U+(V+Ww)

There exists an element in V denoted by 0, called the zero
vector, suchthatv4+0=0forallv ¢ V.

For each element v € V, there exists an element —v € V,
called the additive inverse of v,such that v + (—v) = 0.

e l.-v=v
rlu+v)=ru+rv
(r+s)v=rv+sv
(rs)v =r(sv)



Question. Are the followings vector spaces over K?
o K":={(a1,a2,...,an): a € K}, n€Z+g

e The set of all polynomials of degree less or equal to n with
coefficients in K:

Po(K):={ap+aix+---anx": a€ K}, neZsg

e The set M»n(K) of all m x n matrices with entries in K

e Let S be a non-empty set. The set 7(S, K) consisting of all
functions from S to K.

e The set of integers 7.



Subspace. Let V be a vector space over K. A subset W of V
is called a subspace if the operations of V make W into a
vector space over K.

Examples.
e The set R is a subspace of C.
e Letfy € R. The set

W= {fe F(R,R): f(f,) = 0}

is a subspace of F(R,R).



Proposition. If V is a vector space and { W, },ca is any
collection of subspaces of V, then

N w.

a€cA

is a subspace of V.

Question. If U and W are subspaces of V,is UU W a
subspace of V?



Homework

Section I-A: 1,2,3,7,9



